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We investigate Palatini f(R,Lm,RµνT
µν) modified theories of gravity wherein the metric and
affine connection are treated as independent dynamical fields and the gravitational Lagrangian is
made a function of the Ricci scalar R, the matter Lagrangian density Lm, and a “matter-curvature
scalar” RµνT
µν . The field equations and the equations of motion for massive test particles are
derived, and we show that the independent connection can be expressed as the Levi-Civita connection
of an auxiliary, energy-momentum dependent metric, related to the physical metric by a matrix
transformation. Similar to metric f(R, T,RµνT
µν) gravity, the field equations impose the non-
conservation of the energy-momentum tensor, leading to an appearance of an extra force on massive
test particles. We obtain the explicit form of the field equations for massive test particles in the case
of a perfect fluid, and an expression for the extra force. The nontrivial modifications to scalar fields
and both linear and nonlinear electrodynamics are also considered. Finally, we detail the conditions
under which the present theory is equivalent to the Eddington-inspired Born-Infeld (EiBI) model.
PACS numbers: 04.20.Cv, 04.50.Kd, 04.20.Fy
I. INTRODUCTION
Observations of the cosmic microwave background
(CMB) [1] and direct measurements of the light curves
from several hundred type Ia supernovae [2] suggest that
the Universe is presently undergoing a phase of late-time,
accelerated expansion. While the physics underlying this
phenomenon remain unsettled, at least one thing is cer-
tain: the acceleration is either a trait of the gravitational
interaction itself, or it is the gravitational manifestation
of something else (dark energy). By and large, the co-
pious models of the former type derive from revisions to
the Einstein-Hilbert action
SEH = 1
2κE
∫
d4x
√−gR, (1)
where κE is the Einstein constant, R is the Ricci scalar,
and g is the determinant of the spacetime metric gµν .
Perhaps the simplest set of modifications to SEH are
the f(R) models, which constitute a class of higher order
gravity theories in which SEH is restyled with terms of
higher degree in the scalar curvature. Indeed, the mys-
tery of cosmic expansion can be unraveled with this ap-
proach [3]. Although fatal instabilities and acute weak-
field constraints appear to bar many of the proposals
[4], some persevere [5]. Incidentally, the lure of f(R)
is broader in application than to just cosmic speed-up.
For instance, theories with higher order curvature invari-
ants show promise as effective first-order approximations
to quantum gravity, and can encourage quantum and
gravitational fields to be well-behaved in the ultraviolet
regions neighboring curvature singularities [6]. Further
f(R) phenomenology has been extensively surveyed in
the literature [7].
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An interesting extension of the f(R) models are those
which include in the action an explicit non-minimal cou-
pling between matter and curvature invariants. One set
of models in particular are the so-called f(R,Lm) mod-
els (Lm being the matter Lagrangian density) originally
proposed by Bertolami et al. [8]. Their model was linear
in the non-minimal coupling, which prompted Ref. [9] to
study the maximal extension of SEH in which R and Lm
are coupled arbitrarily. Cosmological and astrophysical
phenomena have been studied in the f(R,Lm) frame-
work [10] in addition to more general studies into the
properties of the theory itself [11].
In general, non-minimal theories such as f(R,Lm)
gravity tend to rid one of the ability to locally trans-
form away the influence of a gravitational field on mat-
ter [12]. In turn, the covariant divergence of the energy-
momentum tensor is generally nonzero, the motion of test
particles is generally non-geodesic (due to the presence
of an extra force orthogonal to the four-velocity [8]), and
thus the equivalence principle (EP) is generally violated.
Hence these theories are stringently constrained by tests
of the EP. It is important to note, however, that a viola-
tion of the EP does not in principle disqualify the specific
theory [13].
A set of models related to the f(R,Lm) paradigm de-
rives from the case in which the functional dependence
on Lm manifests from a dependence on the trace T of the
energy-momentum tensor. These so-called f(R, T ) mod-
els have drawn significant attention, and were explicitly
introduced by Harko et al. [14]. However, Poplawski [15]
was first to consider a model in which the cosmological
constant is a function of T , which is considered a rela-
tivistically covariant model for interacting dark energy,
and which is evidently a subset of the f(R, T ) paradigm.
Related models have also been studied, notably Ref. [16].
We note that explicit dependences on T may be induced
by quantum effects (e.g., conformal anomalies) or exotic
imperfect fluids. The reader is referred to the review [17]
2for additional f(R,Lm) and f(R, T ) phenomenology.
A further extension to the f(R,Lm) and f(R, T )
paradigms was proposed in Refs. [18, 19], in which terms
of the form RµνT µν , where Rµν is the Ricci tensor, were
incorporated into the f(R, T ) Lagrangian. Instances of
this coupling are known to arise in Born-Infeld mod-
els of gravity [20] when one Taylor expands the La-
grangian. The cosmological implications of these so-
called f(R, T,RµνT µν) gravity theories were surveyed
in Refs. [18, 19, 21], and the criterion to circumvent
the Dolgov-Kawasaki instability [22] can be found in
Ref. [19]. Moreover, energy conditions and thermo-
dynamic laws in f(R, T,RµνT µν) gravity were consid-
ered in Ref. [23]. Finally, it is known that metric
f(R, T,RµνT µν) gravity acquires ghost-like instabilities
due to the additional RµνT µν coupling [24], and that
these instabilities can be avoided with a Palatini or
metric-affine variation [25].
The appearance of the RµνT µν coupling in Born-Infeld
gravity is the chief motivation for the present study.
The Born-Infeld models themselves, akin to Born-Infeld
electromagnetism, modify the determinantal structure
of SEH. Among these theories, a notable one is the
Eddington-inspired Born-Infeld (EiBI) model proposed
in Ref. [26]. Many f(R) models will differ from GR even
in vacuum; EiBI does not. Yet in ultraviolet regions, such
as near cosmological singularities, EiBI gravity is char-
acterized by curing the geometrical divergences plaguing
GR [26]. See Ref. [27] for a recent review on Born-Infeld
modifications to gravity.
Importantly, in all of these theories, independent of the
details of the modification, one must ultimately choose
between two ostensibly similar methods for varying the
action: one either treats the metric as the sole dynam-
ical entity and fixes a priori the connection to be the
Levi-Civita connection of gµν (the metric formalism) or
one regards the metric and affine connections as inde-
pendent dynamical structures (the metric-affine or Pala-
tini formalisms, depending on whether matter couples to
the connection or not, respectively). In GR the distinc-
tion is superfluous as they both lead to the same physics.
However, in general, nearly all the aforementioned the-
ories have differing physics depending on whether the
metric and affine structures are treated independently or
not. In fact, in some theories, such as EiBI gravity [26]
and, already mentioned, f(R, T,RµνT µν) gravity [25],
the Palatini formalism will remove ghost-like instabilities
that otherwise afflict their metric counterparts. Whether
the affine connection is determined by the metric degrees
of freedom or not is a truly fundamental question and
demands experimental investigation.
Though matter couplings to the connection may arise
due to quantum gravitational corrections, we shall ignore
that possibility here, and so we exercise the Palatini for-
malism. Studies of Palatini f(R) and f(R, T ) models can
be found in Refs. [28] and [29, 30], respectively, and more
general actions varied a` la Palatini and metric-affine, in-
cluding the role of torsion, can be found in Ref. [25]. To
the best of our knowledge, no studies of pure Palatini
f(R, T,RµνT µν) or Palatini f(R,Lm,RµνT µν) gravity
have yet been completed, though indirect pursuits exist
(see, e.g., Ref. [25]). In this paper, we shall investigate
Palatini f(R,Lm,RµνT µν) gravity, from which Palatini
f(R, T,RµνT µν) gravity follows after a simple modifi-
cation to the field equations. In addition to studying
f(R,Lm,RµνT µν) gravity on its own, we ultimately seek
the conditions under which our theory corresponds to
EiBI gravity.
The present paper is structured as follows. In Sec. II,
we vary the f(R,Lm,RµνT µν) action a` la Palatini and
derive the theory’s equations of motion and an explicit
form for the independent connection. In Sec. III, we sur-
vey the bimetric structure of f(R,Lm, V ) gravity in ad-
dition to the non-minimal structure of the field equa-
tions. In Sec. IV, we explore various properties of the
f(R,Lm,RµνT µν) field equations, including their non-
conservation equation, the non-geodesic motion of test
particles, the nature of the extra force, the weak-field
limit, and the modified Poisson equation. In Sec. V, we
derive the f(R,Lm,RµνT µν) field equations for the cases
of linear and nonlinear electromagnetic fields, as well as
canonical scalar fields. Finally, in Sec. VI we derive the
conditions under which the f(R,Lm,RµνT µν) model re-
sponds identically to the EiBI theory for specific matter
sectors.
In this paper we shall operate in a four-dimensional
spacetime (M , gµν ,Γ
α
µν) in which the metric gµν and con-
nection Γαµν are assumed to be independent dynamical
fields. We shall utilize the metric signature (−,+,+,+)
and, where appropriate, adopt the natural system of
units in which c = 8πG = 1.
II. FIELD EQUATIONS OF f(R,Lm,RµνT
µν)
GRAVITY
The Ricci tensor can be defined solely in terms of the
affine connection, and this underpins the Palatini and
metric-affine formalisms. Explicitly, the Ricci tensor fol-
lows from the Riemann curvature tensor
Rαβµν = ∂µΓανβ − ∂νΓαµβ + ΓαµλΓλνβ − ΓανλΓλµβ (2)
via the contraction Rµν(Γ) ≡ Rαµαν(Γ). Only now
need one invoke the metric to define the Ricci scalar
R(g,Γ) ≡ gµνRµν(Γ) and a matter-curvature scalar
V (g,Γ,Ψ) ≡ Rµν(Γ)T µν(g,Ψ), where Tµν is the sym-
metric (Hilbert) energy-momentum tensor. As we shall
see below [Eq. (5)], the energy-momentum tensor is con-
structed a` la Palatini so that Tµν depends only on the
metric and a set of matter fields Ψ. We note that the
symmetry of gµν and Tµν impose that only the symmet-
ric part of the Ricci tensor enters into this theory’s action.
This considerably simplifies the role of torsion in the the-
ory, and renders a separate consideration for fermionic
matter immaterial [25].
3With all this in mind, the action considered in this
work bears the form
S[g,Γ,Ψ] = 1
2κ
∫
d4x
√−gf(R,Lm, V )+Sm[g,Ψ], (3)
where κ is a coupling constant with suitable dimensions.
Here the matter Lagrangian density Lm, encoded in both
the function f(R,Lm, V ) = f(R,Lm,RµνT µν) and the
matter action
Sm[g,Ψ] =
∫
d4x
√−gLm[g,Ψ], (4)
is assumed to capture all matter fields Ψ present in
M . Moreover, Lm determines the manifestly symmet-
ric energy-momentum tensor
Tµν ≡ − 2√−g
δ (
√−gLm)
δgµν
, (5)
which again is independent of the affine connection in the
Palatini formulation.
If we denote by δSg and δSΓ the variation of Eq. (3)
with respect to the metric and connection, respectively,
then δS = δSg + δSΓ with
δSg = 1
2κ
∫
d4x
√−g
[
− 1
2
fgµν + fRRµν
+ fLΞµν + fVΠµν +
1√−g
δ(
√−gLm)
δgµν
]
δgµν (6)
and
δSΓ = 1
2κ
∫
d4x
√−g
[
(fRg
µν + fV T
µν)
δRµν
δΓλαβ
]
δΓλαβ.
(7)
Here we have introduced the definitions: fR ≡ ∂Rf ,
fV ≡ ∂V f, fL ≡ ∂Lmf , as well as the manifestly sym-
metric matter and matter-curvature tensors
Ξµν ≡ ∂Lm
∂gµν
, (8)
Πµν ≡ Rαβ δTαβ
δgµν
, (9)
respectively. Since gµν and Γ
α
µν are assumed to be inde-
pendent of each other, δS = 0 if and only if δSg and δSΓ
vanish separately. In the case of the metric variation (6),
δSg = 0 and Eq. (5) imply
fRRµν − 1
2
fgµν = κTµν − fLΞµν − fV Πµν . (10)
This is the f(R,Lm, V ) generalization of Einstein’s equa-
tion. Its properties shall be explored in the coming sec-
tions. We note here, however, that as a consequence
of the non-minimal coupling, there appears in Eq. (10)
strict couplings between matter fields and curvature
terms. This is very much unlike GR and other minimally
coupled theories in which matter fields are wholly sepa-
rable from curvature terms such that the field equations
may be written in a “curvature = matter” type represen-
tation. Ultimately, however, writing the field equations
in this way is more for physical tidiness and less for math-
ematical substance. Hence the mathematical representa-
tion of these equations may as well be chosen such that
it facilitates later computation. To this end, we define a
curvature-dependent effective energy-momentum tensor
by
Σµν ≡ Tµν − fL
κ
Ξµν − fV
κ
Πµν , (11)
which refashions the field equations (10) into a form sim-
ilar to those in Palatini f(R) gravity:
fRRµν − 1
2
fgµν = κΣµν . (12)
The variation with respect to the connection takes
more care. We refer the reader to Ref. [25] in which a
nearly complete derivation is given. One shall find that
δSΓ = 0 only if
∇(p)σ
[√−g (fRgµν + fV T µν)] = 0, (13)
where ∇(p) is the derivative operator associated with the
independent connection, and which is manifestly distinct
from ∇(g), the covariant derivative compatible with the
spacetime metric gµν . The resemblance of Eq. (13) to the
companion EiBI field equation will be studied in Sec. VI.
We note that Eq. (13) holds good even in the presence
of torsion. This follows from this theory’s insensitivity to
the projective degrees of freedom in projective transfor-
mations of the independent connection, which ultimately
derives from only the symmetric part of the Ricci tensor
entering into the action (3). See Ref. [25] for details.
Together Eqs. (10) and (13) comprise the field equa-
tions of f(R,Lm, V ) gravity. We see in Eq. (13) a natural
auxiliary metric ingrained into this theory’s mathemat-
ical structure, namely a metric pµν whose inverse, de-
noted pµν ,[31] satisfies
√−ppµν = √−g (fRgµν + fV T µν) , (14)
where p ≡ det(pµν). Evidently, the symmetry of gµν and
T µν force pµν , and hence pµν , to be symmetric. More-
over, pµν satisfies ∇(p)σ (√−ppµν) = 0 by construction,
and hence pµν is compatible with ∇(p) provided the coef-
ficients of the independent connection are the Christoffel
symbols in pµν ,
Γαµν =
1
2
pασ (∂µpσν + ∂νpµσ − ∂σpµν) . (15)
Consequently, the independent connection is the Levi-
Civita connection in the auxiliary metric pµν . Note also
that the determinant p can be computed explicitly with
Eq. (14) and the relation p = det−1(pµν). One finds
p = g2 det (fRg
µν + fV T
µν) . (16)
4We shall apply these formulae to various physical phe-
nomena in the coming sections. But first we briefly com-
ment on some general characteristics of the field equa-
tions.
III. REMARKS ON THE f(R,Lm, V ) FIELD
EQUATIONS
As noted above, for theories in which couplings are
minimal, the matter fields can in general be placed on
one side of the theory’s field equation, and the symmetric
part of the Ricci tensor will be given solely in terms of
gµν . But for non-minimal theories, the matter fields are
generally inseparable from the geometry terms, and the
symmetric part of the Ricci tensor need not be given
solely in terms of gµν . Such is the case for f(R,Lm, V )
gravity, as made evident by the field equations (10) and
(13). Other aspects of the present theory’s non-minimal
character are addressed in this section.
A. The matter and matter-curvature tensors
The matter-curvature tensor Πµν is a hallmark of the
present theory’s non-minimal coupling. For the sake of
computation, it is of interest to write this tensor in a
form entirely in terms of the matter Lagrangian and Ricci
tensor. To this end, assuming the matter Lagrangian is
independent of derivatives of the metric, one can show
that Eq. (5) is equivalent to
T µν = Lmgµν + 2∂Lm
∂gµν
. (17)
Incidentally, this equation has the matter tensor Ξµν im-
plicitly built into it,
Ξµν =
1
2
(Lmgµν − Tµν) , (18)
which we shall find useful later on. Moreover, Eq. (17)
facilitates calculating the functional derivative
δTαβ
δgµν
= gαβ
∂Lm
∂gµν
+ 2
∂2Lm
∂gµν∂gαβ
+ Lmδ(αβ)µν , (19)
where δ
(αβ)
µν =
1
2
(
δαµδ
β
ν + δ
β
µδ
α
ν
)
is the upper sym-
metric part of the generalized Kronecker symbol (we
herein denote symmetrization by parentheses). It then
follows from Eq. (19), the definition of the matter-
curvature tensor in (9), and the fact that Rµν is the
symmetric part of the Ricci tensor that
Πµν = R∂Lm
∂gµν
+ 2Rαβ ∂
2Lm
∂gµν∂gαβ
+RµνLm. (20)
Another useful identity is the following:
Πµν = 2Rλ(µT λν) +Rαβ
δTαβ
δgµν
, (21)
which follows from substituting T µν = gµαgνβTαβ into
the definition (9) of the matter-curvature tensor.
A notable matter sector is that of a perfect fluid (PF),
for which we shall take Lm = P ,[32] where P is the
isotropic pressure of the fluid. The corresponding energy-
momentum tensor is
T (PF)µν = (ρ+ P )uµuν + Pgµν , (22)
where ρ is the energy density of the fluid and the fluid’s
four-velocity uµ satisfies the condition uµu
µ = −1. One
can show the pressure P satisfies
δP = −1
2
(ρ+ P )uµuνδg
µν (23)
by using Eq. (17) with Lm = P and comparing to
Eq. (22). Moreover, one has [33]
δρ =
1
2
ρ(gµν − uµuν)δgµν , (24)
which ultimately follows from the conservation of the
matter fluid current, ∇(g)µ (ρuµ) = 0. Using these for-
mulae appropriately, one shall find
Ξ(PF)µν = −
1
2
(ρ+ P )uµuν (25)
and, from Eq. (21) and the identity δuα
δgµν
= − 12gα(µuν),
Π(PF)µν = Rλ(µT (PF)ν)λ +
1
2
ρRαβuαuβgµν
− 1
2
[
(2ρ+ P )Rαβuαuβ + (ρ+ P )R
]
uµuν. (26)
The effective energy-momentum tensor for a perfect fluid
then follows from its definition (11). The rather exotic
coupling of matter and the four-velocity to the Ricci ten-
sor in Eq. (26) suggests that the matter-curvature tensor
will play a significant role in the field equations in re-
gions of high density, such as within a black hole or in
the very early universe. This is quantitatively similar
to EiBI gravity, which has in its field equations a similar
RµνT µν coupling that too gives rise to couplings between
the Ricci tensor and the four-velocity of perfect fluids
(see Ref. [27] or Sec. VI of this paper). It is natural
to hypothesize, then, that f(R,Lm, V ) gravity may be
fashionable such that it corresponds to GR in the weak-
field regime but then cures the curvature singularities of
GR in high density regions—behavior that mimics the
preeminent characteristics of EiBI gravity.
B. The auxiliary metric
The introduction of the “natural” auxiliary metric pµν
into the present theory affords a certain bimetric nature
to the f(R,Lm, V ) model: in addition to the physical
spacetime metric gµν , through which the gravitational
5observables manifest, there is the auxiliary metric upon
which the mathematical edifice of the theory is most well
supported. This structure is analogous to EiBI grav-
ity wherein there too exists a natural bimetric construc-
tion [26, 27]. In the present theory, however, unlike the
minimal nature of EiBI theory, there is built explicitly
into the gravitational Lagrangian an indirect coupling
between the matter fields and the auxiliary metric via
the scalar curvature R and the matter-curvature scalar
V ≡ RµνT µν . This appears through the explicit depen-
dence of the independent connection (15) on pµν and its
inverse. This coupling suggests there exists some phys-
icality associated with the auxiliary metric, which nec-
essarily manifests via the spacetime metric. While the
particulars of the physical meaning cannot be properly
realized until the specific nature of the non-minimal cou-
pling is known (which necessitates specifying a particu-
lar function f), it suggests a general link between the
two metrics. A standard position is that of a confor-
mal relationship, in which pµν = Θ
2gµν for some real-
valued, smooth function Θ defined on M . This ap-
proach, however, is consistent only for specific matter
distributions.[34] Thus, conformality between pµν and
gµν fails to capture the general framework we seek. A
more general approach, again analogous to EiBI gravity,
is to introduce a differentiable deformation matrix Ωµν
satisfying
pµν = gµλΩ
λ
ν . (27)
In matrix notation this reads p = gΩ so that p−1 =
Ω−1g−1. Direct comparison to Eq. (14) reveals that
Ω−1 =
1√
Ω
(
fRI+ fV g
−1T
)
, (28)
where Ω = det(Ω) [whose value follows from Eq. (16)]
and I is the identity matrix. It is now an algebra prob-
lem to solve for Ω, and hence pµν , explicitly, follow-
ing the specification of the matter Lagrangian and the
f(R,Lm, V ) model of interest. One subsequently obtains
the form of the connection and related curvature terms
for the specific theory, and all that remains to resolve a
given problem are the differential equations (10). An ex-
ample of this procedure, in the context of EiBI gravity,
can be found in Ref. [27].
C. Likeness to other f theories
The Palatini f(R,Lm, V ) formalism surveyed here is
the superset theory containing as special cases the Pala-
tini f(R) and f(R,Lm) theories, but not in general
the Palatini f(R, T ) and f(R, T, V ) theories. Evidently,
Palatini f(R,Lm, V ) and f(R, T, V ) gravity correspond
only when Lm = T , which is a hefty constraint to which
most matter fields do not abide.[35] That said, for matter
fields with a vanishing energy-momentum trace (such as
electromagnetic fields), the f(R,Lm, V ) paradigm clearly
envelops the f(R, T, V ) model. We say that Palatini
f(R,Lm, V ) and f(R, T, V ) are circumstantially equiv-
alent theories of gravity since their equivalence is such
that it holds only for specific matter fields (this notion
is made more precise in Sec. VI). There is, however, a
simple procedure to obtain Palatini f(R, T, V ) gravity
from the f(R,Lm, V ) paradigm for arbitrary matter sec-
tors: merely replace the fLΞµν term in the field equa-
tions (10) by fT
∂T
∂gµν
, and continue on that way. Since
in the Palatini formalism the trace T ≡ T µµ is indepen-
dent of the independent connection, its incorporation into
the function f will not affect Eq. (13). In this respect,
most results derived herein afford similar mathematical
structure to Palatini f(R, T, V ) gravity, up to the re-
placement of all fLΞµν terms with fT
∂T
∂gµν
terms and the
subsequent manipulations of those terms. Evidently, the
exception to this rule are those results which utilize, in
a nontrivial manner, the full entourage of dependencies
in the f(R,Lm, V ) model, such as the present theory’s
circumstantial equivalence to EiBI gravity, which is dis-
cussed in detail in Sec. VI.
IV. PROPERTIES OF THE f(R,Lm,RµνT
µν)
FIELD EQUATIONS
Here we shall consider various properties of the
f(R,Lm, V ) field equations, including their conservation
equation, their effect on the motion of massive test par-
ticles, and their weak-field limit.
A. Conservation equation
In f(R,Lm, V ) gravity, matter is non-minimally cou-
pled to curvature. Hence the covariant divergence of the
energy-momentum tensor is not necessarily zero. In this
section we derive an explicit expression for such non-
conservation of the energy-momentum tensor. In what
follows, we decorate with tildes those tensors which have
been raised/lowered by the auxiliary metric pµν .
We start by writing the field equations (12) in the form
G˜µν =
1
fR
[
κΣ˜µν +
1
2
f(Ω−1)µν
]
− 1
2
δµν R˜, (29)
where G˜µν is the Einstein tensor raised by p
µν and
(Ω−1)µν is the index equivalent of Eq. (28). Note that the
definition (14) provides an explicit form for the tensors
Σ˜µν and R˜:
Σ˜µν =
√
g
p
(
fRΣ
µ
ν + fV T
µλΣλν
)
, (30a)
R˜ =
√
g
p
(RfR + V fV ) . (30b)
The condition we seek shall follow from ∇(p)µ G˜µν = 0,
a consequence of Bianchi’s identities. It remains an al-
6gebraic task to expand Σµν in Eq. (30a) and isolate the divergence of T
µ
ν . We find
κ∇(p)µ T µν =
√
p
g
{
∇(p)µ
[√
g
p
(
fLΞ
µ
ν + fV Π
µ
ν −
fV
fR
T µλΣλν − ffV
2fR
T µν
)]
− 1
2
∂ν
(√
g
p
(f −RfR − V fV )
)
− κT µν ∂µ
(√
g
p
)}
. (31)
Alternatively, this non-conservation can be expressed in
terms of the connection ∇(g) compatible with the space-
time metric gµν . The relationship between the covariant
derivatives ∇(p) (that defined with the independent con-
nection of the auxiliary metric) and ∇(g) is the following:
∇(p)µ T µν = ∇(g)µ T µν + CµµλT λν − CλµνT µλ , (32)
where
Cαµν =
1
2
pασ
(
∇(g)µ pσν +∇(g)ν pµσ −∇(g)σ pµν
)
. (33)
Using the metric/auxiliary metric relationship (27), the
compatibility of gµν with ∇(g), and the symmetry prop-
erty of the auxiliary metric, these coefficients manipulate
into a form independent of pµν :
Cαµν =
1
2
(Ω−1)ασ
(
∇(g)µ Ωσν +∇(g)ν Ωσµ
)
− 1
2
gµλ(Ω
−1)ασ∇σ(g)Ωλν . (34)
We note that any covariant derivative with respect to Ωµν
can be replaced by a derivative with respect to (Ω−1)µν
as their inverse relationship implies
(Ω−1)λν∇(g)σ Ωµλ +Ωµλ∇(g)σ (Ω−1)λν = 0. (35)
With this in mind, the coefficients (34) become
Cαµν = −
1
2
Ωλν∇(g)µ (Ω−1)αλ −
1
2
Ωλµ∇(g)ν (Ω−1)αλ
+
1
2
gµλ(Ω
−1)ασΩ
γ
νΩ
λ
ǫ∇σ(g)(Ω−1)ǫγ (36)
and the non-conservation of the energy-momentum ten-
sor turns out to be
∇(g)µ T µν =
1
κ
√
p
g
{
∇(p)µ
[√
g
p
(
fLΞ
µ
ν + fVΠ
µ
ν −
fV
fR
T µλΣλν − ffV
2fR
T µν
)]
− 1
2
∂ν
(√
g
p
[f −RfR − V fV ]
)}
+ CλµνT µλ . (37)
Unfortunately, by our tests, the curvature and energy-
momentum dependences in Eq. (37) and the energy-
momentum dependence of (Ω−1)µν restrict these formu-
lae from simplifying much beyond what is given here.
We emphasize, therefore, that Eq. (37) does not in gen-
eral vanish. Hence the energy-momentum tensor in Pala-
tini f(R,Lm, V ) gravity is in general not conserved. On
the other hand, in Sec. VI we shall indirectly derive
two nontrivial functions of f(R,Lm, V ) for which the
covariant divergence of specific but nontrivial Tµν nec-
essarily vanish, hence conserving the energy-momentum
tensor. That said, this conservation will not be obvi-
ous at the level of Eq. (37), though it will nevertheless
be true. Finally, we note that for the Einstein-Hilbert
model f(R,Lm, V ) = R− 2Λ, the conservation of Tµν is
restored, as desired.
B. Motion of test particles
For clarity, we denote by ∆ν the righthand side of
Eq. (37). Then ∇(g)µ T µν = ∆ν . For the case of a per-
fect fluid, for which Tµν = (ρ + P )uµuν + Pgµν , it is
straightforward to show, using the constraint from the
conservation of the matter fluid current, ∇(g)µ (ρuµ) = 0,
7that
uµ∇(g)µ uν =
∆ν − uν∇(g)µ (Puµ)− ∂νP
P + ρ
. (38)
Here the lefthand side coincides with the well known iden-
tity
uµ∇(g)µ uν =
d2xν
ds2
+ Γναβ
dxα
ds
dxβ
ds
. (39)
Therefore, Eq. (38) is the equation of motion for particles
in the presence of an isotropic pressure P . Absent this
pressure, the equation reduces to
d2xν
ds2
+ Γναβ
dxα
ds
dxβ
ds
= fν , (40)
where the extra force fν = ρ−1∆ν(P=0) with
∆(P=0)ν =
1
κ
√
p
g
{
∇(p)µ
[
−
√
g
p
ρ
2
fLu
µuν +
fV ρ
2
√
g
p
(
[Rσµuν +Rσνuµ]uσ +Rαβuαuβ [δµν − 2uµuν ]−Ruµuν
)
+
√
g
p
fV ρ
2
κfR
(
[κ− fL]uµuν + fV
2
[Ruµuν − uµRανuα + 4Rαβuαuβuµuν])
−
√
g
p
ffV
2fR
ρuµuν
]
− 1
2
∂ν
(√
g
p
[f −RfR − V fV ]
)}
+ ρCαβνuβuα (41)
[see Eqs. (25) and (26) to derive this]. Since ∆ν(P=0) is in
general nonzero, the extra force fν is in general nonzero.
Hence test particles in f(R,Lm, V ) gravity do not in gen-
eral obey the geodesic equation. In other words, test par-
ticles traverse geodesics of gµν if and only if ∆
µ
(P=0) = 0.
C. The Newtonian limit
In the weak-field regime we consider the gravitational
effect of non-relativistic dust, for which Tµν = ρuµuν
where uµ = (∂0)
µ is the rest frame four-velocity and ρ
is the dust’s energy density [36]. We shall linearize the
f(R,Lm, V ) equations by keeping terms linear in ρ and
in the perturbations introduced below. To facilitate the
coming analysis, we adopt the following notation.
Let γµν and γ̂µν be smooth two-forms (soon to be per-
turbations). Further, let A and B be mathematical ob-
jects composed, in some acceptable fashion, of the ob-
jects ρ, γµν , and γ̂µν . Then, by A ≪ B we shall mean
A is first-order (linear) in at least one of ρ, γµν , or γ̂µν ,
while B is zeroth-order in all. Moreover, by A ∼= B we
shall mean A = B up to at least linear corrections in all
ρ, γµν , and γ̂µν . Finally, by A ∼ B we shall mean A
and B are of the same order in ρ, γµν , or γ̂µν , but not
necessarily equal (thus A ∼= B implies A ∼ B).
Consider the metric/auxiliary metric relation posited
in Eq. (27). This establishes that any perturbation δpµν
upon pµν satisfies
δpµν = gµλδΩ
λ
ν +Ω
λ
νδgµλ. (42)
Specifically, we shall consider perturbations δpµν = γ̂µν
and δgµν = γµν upon a Minkowski background ηµν .
Then pµν = ηµν + γ̂µν and gµν = ηµν + γµν such that
γ̂µν , γµν ≪ ηµν . Here pµν and gµν are related by Eq. (27)
and, furthermore, the perturbations γ̂µν and γµν satisfy
Eq. (42). Together these imply ηµλΩ
λ
ν − ηµν ≪ ηµν ,
which is possible if and only if Ωµν
∼= δµν + kµν , where
kµν ≪ δµν . In deriving this, one must also assume that
the deformation matrix reacts smoothly to slight per-
turbations upon the Minkowski background, i.e., that
gµλδΩ
λ
ν ≪ ηµν , which necessitates ηµλδΩλν ∼ γµν and
γµλδΩ
λ
ν
∼= 0.
Transcribed to matrix notation, we have Ω ∼= I + k.
Thus, Ω−1 ∼= I − k, to which we shall directly compare
Eq. (28). Since the tensor T µν → g−1T is in general
different from the identity matrix, it must be that fR ∼=√
Ω and fV g
−1T ∼=
√
Ωk, where
√
Ω ∼= 1 + 12Tr(k). But
since Tr(k)k ∼= 0, with 0 the zero matrix, we simply have
k ∼= fV g−1T. Together, these results yield both pµν and
pµν to the desired first-order precision:
pµν ∼= ηµν + γµν + fV Tµν , (43a)
pµν ∼= ηµν − γµν − fV T µν , (43b)
where T µν = ηµαηνβTαβ and γ
µν = ηµαηνβγαβ. We see
from Eq. (43a) that
γ̂µν ∼= γµν + fV Tµν (44)
and similarly from Eq. (43b) that γ̂µν ∼= γµν + fV T µν .
Hence, the connection coefficients (15) are, to linear-
order in γ̂µν ,
Γαµν
∼= 1
2
ηασ (∂µγ̂σν + ∂ν γ̂µσ − ∂σ γ̂µν) , (45)
which yields the Ricci tensor
Rµν ∼= ∂σ∂(ν γ̂µ)σ −
1
2
∂σ∂σγ̂µν − 1
2
∂µ∂ν γ̂, (46)
where γ̂ ≡ γ̂µµ . Note that Eq. (46) is entirely of linear-
order in γ̂µν . Hence, V = RµνT µν ∼= 0 since T µν is
8linear in ρ. Moreover, fVΠµν ∼= 0 since δTαβ/δgµν ∼ ρ
for dust [see Eq. (24)] and Rµν ∼ γ̂µν . We shall impose
the Lorenz gauge ∂σγ̂µσ = 0 so that the f(R,Lm, V ) field
equations, to linear-order in γ̂µν and ρ, bear the form
− 1
2
∂σ∂σ γ̂µν − 1
2
∂µ∂ν γ̂ − 1
2
fgµν ∼= κTµν − fLΞµν . (47)
To obtain the matter tensor, we necessarily take Lm =
−ρ for the matter Lagrangian of the pressureless dust.
Hence, from Eq. (24), Ξµν =
1
2ρ(uµuν− ηµν −γµν). Here
ρ is the leading order correction from the matter sector,
thus the product ργµν must be regarded as a second-
order correction. This implies that, to first-order, Ξµν ∼=
1
2ρ (uµuν − ηµν) and hence Ξ ≡ Ξµµ ∼= − 52ρ. It follows
that the trace of the field equations (10) is, to first-order,
fRR− 2f ∼= ρ
(
5
2
fL − κ
)
. (48)
Note that Πµµ
∼= 0 since Πµν ∼= 0, thus Πµµ is absent
Eq. (48) in this approximation. Note also that the al-
ready first-order corrections ρ andR force f to be at least
a first-order correction, hence we can rewrite Eq. (47) as
− 1
2
∂σ∂σ γ̂µν − 1
2
∂µ∂ν γ̂ − 1
2
fηµν
∼= κρuµuν − 1
2
ρfL (uµuν − ηµν) . (49)
The 00 component of this equation encodes the weak-field
dynamics in which we are interested. Since the spacetime
is assumed static, the time derivatives vanish, leaving the
expression
− 1
2
∇2γ̂00 ∼= κρ− 1
2
f − ρfL, (50)
where ∇2 is the Euclidean space Laplacian. Using
Eq. (44) and the definition of the Newtonian potential,
Φ ≡ − γ004 , we obtain the modified Poisson equation in
f(R,Lm, V ) gravity:
∇2Φ ∼= 1
2
κρ− 1
4
f − 1
2
ρfL +
1
4
∇2(fV ρ). (51)
Since f is implicitly a function of Tµν , and hence of ρ,
the quantity 12κρ− 14f − 12ρfL acts as a sort of effective
density 12κρ¯. In this notation, Eq. (51) reads
∇2Φ ∼= 1
2
κρ¯+
1
4
∇2(fV ρ). (52)
This modification to Poisson’s equation is formally iden-
tical to those in both EiBI and Palatini f(R, T ) grav-
ity (see Refs. [27] and [29], respectively). Consequently,
it is expected that all these theories afford similar non-
relativistic phenomenology.
V. SOME APPLICATIONS
The weak-field equations considered above disclosed
the relationship between f(R,Lm, V ) and other theo-
ries of gravity in the Newtonian regime. In this section,
we derive the field equations governing the response of
f(R,Lm, V ) gravity in other regimes, in particular the
electromagnetic and scalar field sectors.
A. Electromagnetic fields
We shall consider first the traditional linear electro-
dynamics (LED) of Maxwell for which the matter La-
grangian is L(LED) = − 116πFµνFµν , where Fµν ≡ ∂µAν−
∂νAµ is the Faraday tensor. The LED matter ten-
sor follows quickly from its definition (8), Ξ
(LED)
µν =
− 18πFµλFλν . Alternatively, using Eq. (18),
Ξ(LED)µν =
1
2
(
L(LED)gµν − T (LED)µν
)
. (53)
Similarly, from the symmetry of the Ricci tensor and
Eqs. (21) and (53), the LED matter-curvature tensor
turns out to be
Π(LED)µν = 2Rλ(µT (LED)ν)λ −RµνL(LED)
− 1
8π
RFµλFλν +
1
4π
RαβFµβFαν . (54)
The LED effective energy-momentum tensor, Σ
(LED)
µν ,
then follows trivially from its definition (11).
The matter-curvature couplings in Eq. (54) are very
much unlike, for instance, Palatini f(R, T ) theory, in
which T (LED) = gµνT
(LED)
µν = 0. Hence, the f(R, T )
models (whether Palatini or not) respond to linear elec-
tromagnetic fields as an f(R) model. This is evidently
not the case for the present theory, in which there are
nontrivial couplings between curvature and matter terms,
all of which have the potential to invite new gravitational
electrodynamic behavior. We note that in the Palatini
f(R, T, V ) model, all the fV couplings in Eq. (54) per-
sist; therefore, even with a vanishing trace [making the
gravitational response a Palatini f(R, V ) theory], there
remain new and nontrivial corrections to the linear elec-
trodynamics.
However, it is well known that the linear electrodynam-
ics in vacuo are only an approximation to the full elec-
trodynamic theory. General relativity, for example, de-
mands a gravitational coupling between electromagnetic
fields, which affords nonlinear electrodynamic behavior.
That said, more considerable nonlinearity arises from
quantum field effects, such as vacuum polarization [37].
It is therefore of interest to also derive the f(R,Lm, V )
field equations associated with a general set of nonlinear
electrodynamic (NED) theories. To this end, we set the
matter sector action to
S(NED) = 1
8π
∫
d4x
√−gχ(I, J), (55)
9where χ is a well-behaved function of the algebraic in-
variants I ≡ 12FµνFµν and J ≡ Fµν(⋆F )µν . Here
(⋆F )µν = 12 (−g)−
1
2 ǫµναβFαβ is the Hodge dual of the
Faraday tensor, with ǫµναβ the Levi-Civita symbol. We
note that I and J are the unique algebraic invariants
constructible from Fµν and gµν [38, 39], and also that
the choice χ(I, J) = −I corresponds to the LED theory
considered above.
With 18πχ(I, J) as the NED matter Lagrangian, and
defining χI ≡ ∂χ∂I and χJ ≡ ∂χ∂J , we find
Ξ(NED)µν =
1
8π
(
χIFµλF
λ
ν +
1
2
χJJgµν
)
. (56)
It then follows from Eq. (21) and the NED equivalent of
Eq. (53) that
Π(NED)µν = 2Rλ(µT (NED)ν)λ +
1
8π
(χJJ − χ)Rµν + 1
4π
(
1
2
RχI −RαβFαλFλβ χII −
1
2
RχJIJ2
)
FµλF
λ
ν
− 1
8π
(
RαβFαλFλβ χIJJ +
1
2
RχJJJ2
)
gµν − 1
4π
RαβχIFαµFνβ . (57)
As before, Σ
(NED)
µν then follows from its definition (11),
and T
(NED)
µν follows from the NED equivalent of Eq. (53).
Note that, as expected, upon fixing χ(I, J) = −I,
Eq. (57) reduces to Eq. (54). As in the LED case, these
field equations have in them nontrivial matter-curvature
couplings which again bear new possibilities for NED
gravitational dynamics, such as in studies of nonsingu-
lar black holes. We also note that these equations again
differ drastically in their matter-curvature couplings from
the field equations for NED in f(R, T ) gravity (see, e.g.,
Ref. [29]). This much is evident from the fV coupling
terms, which persist only in the f(R,Lm, V ) framework.
B. Canonical scalar fields
Scalar fields comprise another set of generic matter
fields for which f(R,Lm, V ) gravity admits new and non-
trivial dynamics. Here we shall consider the effect of a
real-valued scalar field φ in a potential U(φ), whose La-
grangian density bears the form L(φ) = − 12∂λφ∂λφ −
U(φ). One shall find Ξ
(φ)
µν = − 12∂µφ∂νφ and, from
Eq. (20),
Π(φ)µν = −
1
2
R∂µφ∂νφ+ ∂λφ∂(µφRλν) +RµνL(φ). (58)
Hence,
κΣ(φ)µν = κT
(φ)
µν +
1
2
(fL +RfV ) ∂µφ∂νφ
− fV L(φ)Rµν − fV ∂λφ∂(µφRλν). (59)
As with the electromagnetic field, specifying particular
f(R,Lm, V ) functions and solving the associated field
equations will conceivably yield new non-minimal correc-
tions to ordinary GR problems, which brings about new
possibilities. For example, as posited for Palatini f(R, T )
gravity [29], free [U(φ) = 0] geonic solutions of the kind
in EiBI gravity [40] are conceivable in the present theory.
VI. COMPATIBILITY WITH EIBI GRAVITY
In this section we shall investigate the conditions under
which the f(R,Lm, V ) paradigm encapsulates the EiBI
theory. We shall denote by fBI any f(R,Lm, V ) function
that does this. To begin, it is imperative that we be
precise with the meaning of “one gravitational theory
corresponding to another.”
Let A and B be two Palatini theories of gravity de-
fined on a world-manifold M , and let Ψ be a matter field
on M . Further, let g
(A )
µν and g
(B)
µν be the solutions gen-
erated from A and B, respectively, in response to Ψ,
and ∇(A ) and ∇(B) the derivative operators of A and
B, respectively, defined on M . On one hand, we say A
and B are equivalent if, for all Ψ, (i) ∇(A )σ ξµ = ∇(B)σ ξµ
for all vectors ξµ defined on some tangent space in the
tangent bundle of M and (ii) g
(A )
µν = Θ2g
(B)
µν for some
real-valued, smooth conformal factor Θ defined on M .
Evidently, condition (i) ensures that both theories mea-
sure the same intrinsic curvature of M , that both have
the same notion of transport, and so forth, while condi-
tion (ii) establishes that the gravitational dynamics of the
two theories be the same (since they afford the same solu-
tion, up to a conformal factor, for a given matter sector
Ψ). On the other hand, we say A and B are circum-
stantially equivalent if conditions (i) and (ii) hold only
for particular Ψ. Indeed, we shall prove in this section
that EiBI and f(R,Lm, V ) are circumstantially equiva-
lent theories of gravity; in particular, that condition (i)
shall hold good for all Ψ, but that condition (ii) shall
hold good only for specific Ψ.
The (Palatini) EiBI action bears the form [27]
SBI[g,Γ,Ψ] =
1
2κǫ
∫
d4x
[√
|gµν + ǫRµν(Γ)| − λ
√−g
]
+ Sm[g,Ψ], (60)
where ǫ is a coupling parameter, λ is related to the cos-
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mological constant Λ by λ = 1+ǫΛ, and the vertical bars
denote the absolute value of the determinant. The reader
is referred to Refs. [26, 27] for details on the variation.
The field equations are
qµν = gµν + ǫRµν , (61a)√−qqµν = √−g (λgµν − κǫT µν) , (61b)
where q is the determinant of the auxiliary met-
ric qµν , and q
µν satisfies both qµλqλν = δ
µ
ν and
∇(BI)σ (√−qqµν) = 0, where ∇(BI) is the derivative op-
erator associated with the Palatini EiBI theory. Hence,
∇(BI)σ qµν = 0.
We note that λ 6= 0 (equivalently Λ 6= −ǫ−1), for other-
wise Eq. (61b) implies that in vacuo
√−qqµν = 0, which
is nonsense. Moreover, with Tµν = 0 and λ 6= 1, the solu-
tions from the two theories do not coincide: EiBI affords
a de Sitter or anti-de Sitter universe, while f(R,Lm, V )
outputs Minkowski space. In speaking of a possible
equivalence between the theories, it is natural to de-
mand that at least the vacuum solutions correspond.
To this end, we shall hereafter fix λ = 1, making EiBI
Minkowskian in vacuo. Note that there is no loss of gen-
erality in doing this. Should one wish to append a cos-
mological constant to either theory, they simply do so
via the matter sector. We have merely “tared” the two
theories at the level of their vacuum solutions.
As previously defined, ∇(p) is the derivative operator
associated with the Palatini f(R,Lm, V ) theory. Thus,
for an EiBI/f(R,Lm, V ) equivalence to exist, condition
(i) demands that∇(BI)σ ξµ = ∇(p)σ ξµ for all smooth vectors
ξµ. This implies, in particular, that
∇(BI)σ qµν = ∇(p)σ qµν = ∇(p)σ pµν = 0. (62)
The connections of both f(R,Lm, V ) and EiBI gravity
are torsion-free. Hence, as required by the fundamental
theorem of Riemannian geometry, Eq. (62) holds good
if and only if pµν = qµν , which is true if and only if√−qqµν = √−ppµν . Therefore, the definitions (14) and
(61b), together with condition (ii), i.e., the requisite con-
formal relationship g
(f)
µν = Θ2g
(BI)
µν [g
(f)
µν being the solu-
tion from the f(R,Lm, V ) theory], imply (with λ = 1)(
1−Θ2fR
)
gµν(BI) −
(
κǫT µν(BI) +Θ
4fV T
µν
(f)
)
= 0, (63)
where T µν(BI) and T
µν
(f) are the energy-momentum tensors
of the EiBI and f(R,Lm, V ) theories, respectively, each
raised by their respective metric. We cannot impose a
priori that these energy-momentum tensors be the same
since they are functions of their respective metrics. We
can impose, however, that the two parenthetical terms in
Eq. (63) vanish separately. This is necessarily the case if
we seek generality in the matter sector, as, for instance,
Eq. (63) holds in vacuo if and only if the two parenthet-
ical terms vanish separately. Consequently, Θ2fR = 1
and κǫT µν(BI) = Θ
4fV T
µν
(f). Differentiating the former with
respect to R demands fR to be constant, and hence for
the conformal factor Θ to be constant. Likewise for the
latter, where differentiation upon V implies fV is con-
stant.
These results indicate two things. First, that TBIµν ∝
T
(f)
µν . For equivalence between the two theories to hold,
this constant proportionality must hold in general, for ar-
bitrary choices of the matter sector. But since the confor-
mal transformation properties of the energy-momentum
tensor vary wildly depending on the matter sector, con-
stant proportionality is guaranteed only with exact equal-
ity between the metrics, i.e., with Θ2 = 1 and hence fV =
−κǫ. Second, the vanishing of the second derivatives fRR
and fV V imply that the EiBI/f(R,Lm, V ) function fBI
is of the form fBI(R,Lm, V ) = f1(R) + h(Lm) + f2(V )
for well-behaved functions f1, h, and f2. In fact, with the
conformal factor set at unity and the energy-momentum
tensors identical, we simply have from Eq. (63) that
f1(R) = R and f2(V ) = −κǫV . Hence, from Eq. (10),
the fBI field equations bear the form
Rµν − 1
2
(R+ h− κǫV ) gµν = κTµν − h′Ξµν
+ 2κǫRλ(µT λν) + κǫRαβ
δTαβ
δgµν
(64)
where gµν = g
(BI)
µν = g
(f)
µν , Tµν = T
(BI)
µν = T
(f)
µν , h′ ≡
dh/dLm, and the the identity (21) has been substituted
for the matter-curvature tensor.
We now wish to compare Eq. (64) with the EiBI field
equations (61) so to fix the function h in fBI. However,
at the level of the EiBI equations (61), it is not obvious
how to do this. Fortunately, the EiBI equations straight-
forwardly manipulate into the form [27]
ǫRµν +
(
1−
√
q
g
)
gµν = κǫTµν + κǫ
2Rλ(µT λν) . (65)
The spacetime is 3 + 1 dimensional, so qµνqµν = 4. This
allows one to solve explicitly for
√
q/g. Eq. (65) becomes
Rµν − 1
4
(R− κT − κǫV ) gµν = κTµν + κǫRλ(µT λν) .
(66)
We wish to investigate what must be true of h and, possi-
bly, Lm such that the field equations (64) and (66) equate
to one another. To this end, we set them equal (by solv-
ing for Rµν − κTµν in both), which, after tracing the
two-forms, generates the requisite condition:
R+ κǫRαβ δTαβ
δgµν
gµν = −2h− κT + h′Ξ. (67)
There are independent ways of satisfying this equation
depending on if Ξ = 0 or Ξ 6= 0. Hence one will have to
choose h based on the matter sector under consideration,
which demonstrates that f(R,Lm, V ) gravity is at best
circumstantially equivalent to the EiBI framework.
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For the former, we assume Ξ = 0 identically. Then the
matter sector is constant throughout M , implying Lm =
Λ/κ. In this regime, EiBI gravity is known to produce
a de Sitter/anti-de Sitter universe equivalent to GR [26].
Therefore, R = −4Λ, and so, in order for f(R,Lm, V )
theory to match EiBI theory, one ultimately demands
from Eq. (67) that h = −2ǫΛ2 so that
fBI(R,Lm, V ) = R− 2ǫΛ2 − κǫV. (68)
This solution implies that f(R,Lm, V ) gravity can be
nontrivially fashioned to have the same de Sitter/anti-de
Sitter solutions as both EiBI and GR. It also bespeaks a
degeneracy in the f(R,Lm, V ) framework since the inde-
pendent (“trivial”) choice f(R,Lm, V ) = R− 2Λ would
just as well deliver the de Sitter/anti-de Sitter solution.
For Ξ 6= 0 the process of choosing an h is not as
straightforward. We do so in a fashion that shall let
us rid constraints on curvature. We note, however, that
one could in principle impose constraints on curvature
to generate more solutions. In our approach, we shall
keep in mind two things. One, h is only a function of the
matter Lagrangian density. No terms involving curva-
ture may be appear in its differential equation. Two, not
imposing constraints on curvature implies the curvature
terms should cancel themselves due to a judicious choice
of the matter sector. There is a unique prescription that
satisfies these conditions—namely, that h which makes
the right side of Eq. (67) vanish identically, and the cor-
responding Lm that makes the left side follow suit.
Demanding the right side of Eq. (67) to vanish implies
the differential equation −2h− κT + h′Ξ = 0. We shall
impose Ξ to be nonzero identically, so that one can solve
for h(Lm) explicitly:
h(Lm) = 1
ω
(
C + κ
∫
dLm ωT
)
, (69)
where C is a constant and ω is an integrating factor given
by ω(Lm) = exp
(−2 ∫ dLm Ξ−1) . The fact that C is ar-
bitrary implies there is not a unique fBI when Ξ 6= 0,
but rather a class of functions for which this particular
EiBI/f(R,Lm, V ) concordance holds good. Now, with
the specific choice (69) in hand, we require from Eq. (67)
that R + κǫRαβ δTαβ
δgµν
gµν = 0. This is manifestly true in
vacuum (with Λ = 0). Outside vacuum the condition
simplifies by noting Rµν 6= 0 and R = Rµνgµν . Hence,
by retracting the Ricci tensor, the previous condition
necissitates gµν + κǫ
δTµν
δgαβ
gαβ = 0 for nonzero Rµν . Trac-
ing this expression, and applying algebra upon the iden-
tity (17), recasts the condition into a form in terms of the
matter Lagrangian and trace T of the energy-momentum
tensor:
gµνgαβ
∂2Lm
∂gµν∂gαβ
− 2Lm + T − 2
κǫ
= 0, (70)
or exclusively in terms of the matter Lagrangian:
gµνgαβ
∂2Lm
∂gµν∂gαβ
− 2gµν ∂Lm
∂gµν
+ 2Lm − 2
κǫ
= 0. (71)
Consequently, any matter Lagrangian density Lm sat-
isfying Eq. (71) and for which Ξµν 6= 0 will, in the
f(R,Lm, V ) = R+h(Lm)−κǫV framework [with h(Lm)
set by Eq. (69)], spawn a gravitational response identi-
cal to that in EiBI theory. Incidentally, this implies that
the non-conservation equation (37) necessarily vanishes.
This follows because EiBI is a minimally coupled theory,
as evident from its action (60), hence the metric connec-
tion conserves the energy-momentum tensor. Of course,
Eq. (37) also vanishes for the nontrivial de Sitter/anti-de
Sitter solution (68).
VII. CLOSING REMARKS
In this report we have investigated a union of the
f(R,Lm) and f(R, T,RµνT µν) gravity models in which
we allowed arbitrary coupling between the scalar cur-
vature, matter Lagrangian density, and a “matter-
curvature scalar” V ≡ RµνT µν. The model was stud-
ied under the Palatini formalism so to generate a bi-
metric structure comparable to EiBI theory. This im-
plies, in particular, that the independent connection is
the Levi-Civita connection of an energy-momentum de-
pendent auxiliary metric that is related to the spacetime
metric via a matrix transformation. The equations of
motion were derived, and expressed in a manner for-
mally equivalent to f(R) theories, following the defini-
tion of an effective energy-momentum tensor. We briefly
described how one obtains the Palatini f(R, T, V ) the-
ory from the present theory, though the exact details of
Palatini f(R, T, V ) gravity warrant further investigation.
The field equations impose the non-conservation of
the energy-momentum tensor, which gives rise to non-
geodesic motion of massive test particles via the appear-
ance of an extra force that will have a nontrivial impact
on the physics for compact objects and relativistic stars.
In the non-relativistic regime, the dynamics of Palatini
f(R,Lm, V ) gravity are qualitatively similar to the Pala-
tini f(R, T ) and EiBI theories.
With the theory’s basic framework established, we in-
troduced the primary elements for some applications. In
the case of perfect fluids, the hydrodynamic field equa-
tions are nontrivially altered by the non-minimal matter-
curvature couplings, even in the non-relativistic regimes.
When coupled to electromagnetic fields, either the lin-
ear or nonlinear paradigms, the equations have new and
nontrivial couplings, and in the case of f(R, T, V ) theory,
the electrodynamics reduce to a Palatini f(R, V ) theory
due to the vanishing trace. In this realm, the problem of
nonsingular black holes can be studied from a separate
perspective. Similar remarks apply to scalar fields.
The resemblance to EiBI gravity was then discussed.
We showed that f(R,Lm, V ) gravity is circumstantially
equivalent to EiBI, meaning that the two theories have
identical spacetime structure and afford identical gravi-
tational dynamics, but only in response to very specific
matter fields.
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In summary, the Palatini f(R,Lm,RµνT µν) gravity
theory considered in this work generates a myriad of av-
enues for future research, and the potential to explore
new physics. Further research is expected in this respect,
on which we hope to report soon.
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